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MODULO iBITEHETIC 

Tfe® 8®t of whole mMbero eontinues on and on and we nerer reach a 
•largest whole number. •• We can alwaja add one to a nurtjer and reach a 
larger nunber. In nodtao arithnetic we will work wxth a largeat nanber. 

It is called the nodulo. In our regular work with nunber £. can repreeert 

nunbere on a atraight line that goea on and on. In nodulo arithnetic, 
nuSbera can be repreaented on a circle. Let* * a chooae aonething you already 
know about to work in our new mathematical ayatem. The daya of the week 



would be a good choice aa we 


use 


them oyer and orer. 


, Let 


of the week a number. 














Sunday 


mm 


1st 


day 


of 


the 


week. 


Monday 


mm 




day 


of 


the 


week. 


Tueaday 


mm 


3rd 


day 


of 


the 


week. 


Wednesday 


- 


4th 


day 


of 


the 


week. 


Thursday 


Mk 


5th 


day 


of 


the 


week. 


Friday 


mm 


6th 


day 


of 


the 


week. 


Sattirday 


- 


7th 


day 


of 


the 


week. 



After the ?th day, we go back to the lot and begin all orer again. 
Thia ia an exai^e of a cycle. Mow put theoe numbero, repreaenting the 
daya of ';he week, on a circle. 




Addition 

Mow auppoae we try aoaa problema related to the daya of the week. 
Suppoae it io the 2nd day of the week (Monday). What day of the week 
will it be in 3 daya? 



2nd day 

* 3 daya 
3th day 



k 



Thi» mui eaay hkcmme w« begwi with thw 2 oa our circle aad couated 3 d«y** 

Vo c a d up at the 3'^ti (Thuraday)* that ¥• add by couatiag clockwiaa* 




Let the firat auaher be the day of the week aad the aecoad auaber be 
•'i^ae auaber of daya we are add i ag oa« Show theae oa a circle* 



Dior of the week 
Da;^a to add * 



2ad day 
c k dara 

6th day 



3rd day 
c 4 daya 

7th day 



hth day 
c days 

7th day 



Would we arriTe at the aaae aaawer if we let the aecoad amdier be the 
day of the week and the firat aiari>er be the auaiber of daya we are addiag oa? 



3)ay of the week %th day Hh day 

haya to add - •» 2 daya * 3 dayg 

6th day 7th day 



Aa you caa aee, ia each caae, the aaawer io the ease* 



3rd day 
e 4 daya 

7th day 



Biqpipoae we atart at aoate auaber oa our circle and add 7 daya* Would 
the aaawer be the aaae aa the auaber you atarted with? for exa^^Of will 
7 daya froa Thuraday atiU be Xhuraday? Will 7 daya IToa friday atiU be 
friday? 

lat day (Sunday) 3rd day (Tuaaday) 

» 7 daara 7 daya 

let day (Sunday) 3rd day (Tueaday) 



ia you aee, to add 7 in thia ayatea ia auch like addiag in our 
regular ayatea* Try addiag any aultiple of 7» auch aa 14| 21) 28) to any 
auaber on the circle* If you add by counting ia a clockwiae direction) 
then you end up at your atarting point* 



2nd 

14 

2nd 



2nd 
+ 21 



2nd 
+ 28 




2nd 



2nd 



3 



Could numbor*, oth#r than wholo nu«btr», arlso in owe Bjmtom? Could 
it bo port Friday and part Saturday, or auat it ba aithar oaa or tha othar? 
Tou ara right, wa won't hara fractiona* Do you also notice that our ansvar 
vust ba on tha circla and tha largest nusbar hare is a 7^ Whan wa gat to 2* 
counting, wa start ovar again. Try sose porblass that norsally add to a 
nuBibar graatar than ?• 

5rd 4th 6th ?th 

Sagular addition answar 9 32 15 22 

Modulo ansvar 2nd 5th 1st 1st 

Our Bodulo *««*aT* !• tha rasaindar, when 7 ia diTidad into each 
regular addition answer. 



1 12 3 




Can you aaplain idiy these ranaindars would ba our answers? 

Think about tha problans idiera wa added a neuWbar greataz^ than 7* 

Could wa hare diridad tha nuhbar by 7 and Just added tha raaidndar rather 
than tha diTidanUl? Look at tha case idiara wa added 8 days to tha 4th. 
Let's write it in this way. 

4th + 8 * 4th + (7 + l) 

To add 7 and then 1 would ba tha sane as adding 8. 

4th -f 7 + 1 * 

4th + 1 * 5th 

As you know, to add 7 wou3.d aaraly carry us ones around tha circla, so wa 
add 1 to 4 rathar than 8. Bea an b ar that a d ding 7 or a nultiiaa of 7 in 
like adding 0 in our regular systaa or a nultipla of 0 idiioh is 0. 

Tha idaa of adding to nunbers on our circla can ba such easier if wa 
use tha idaa of diaisors and raaaindars. In our case, tha diaisor will ba 
7. Now if you diaida 7 into any ^la nunibar %diat ara tha possibla 
raaaindars? 
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BwMdLndT 

0 

1 

2 

3 

4 

3 

6 



3#t of nuabtra that givt thl» r— aindT 

(?, 14, 21, 28, 35, ...) » * 

Cl, 8, 15, 22, 29,...) -B 

I 2, 9i 16, 23, 30, ... ) - C 

{ 3, 10, 17, 24, 31, ... } = I) 

f 4, 11, 18, 25, 32, ... ) » * 

f 5, 12, 19, 26, 35, ... 3 « r 

{ 6, 13, 20, 27, 34, ... } « 0 



Tht capital lattara oa the ri|^t of each sat arc caad to refer to the aeta* 
For eaaq^e, ererj aiiMber in aet B haa a reaainder of 1 idiem dirided hj ?• 
fhe reaalader ia ahown on the left* 



Now anppoae we hare to add one of the axnibera in aet C to a noniber on our 
circle* It doea not aake aqj difference %diich one jon chooae froa thie aet* 
She anawer w^ll be the aaae* fhej all hare a reaainder of 2 when all ejelea 
of 7 are dirided out* If thia ia the oaae, we will uae the aaalleat noiiber 
in place of a larger anaber when adding* 

Nuaiber on our circle 3 3 3 3 3 

Niaiber added £, 9 16 30 37 

7 7 7 7 7 

Count around the circle uaing theae exajt^ea and aee if you don't end up 
at 2 ^ Mieb oaae* 

Mow aelect the exaaple idiere we added 30 to 3* Chooae the oloaeat 
■ttltiple of 2. that ia oloaeat to 30* It ia 2&* Mow write: 



5 + 30 

5 + (28 + 2 )« 

(5 + 28) + 2 * 

5 + 2 «7 



Aa you know* if you add a anltij^e of 7 to 3« you will end back at 5* Xf 
you add 28, it aerely aeada you coapletely around the circle 4 tinea* 
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Could you nako an addition tabla for your clrcla? Balov ia * tabla 
that la not coa^lata. Can you ooqplata thla tabla by counting around tha 
rirola? Sinca adding 7 i» tha aana aa adding aaro , wa wiU ua# a aaro in 
placa of 7* 
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ActlTitiaa for Addition 

What day of tha waak vill it ba: 

!• 3 daya aftar Baturdayt 

2. 30 daya aftar Honday? 

3» 63 daya aftar M.day? 

4. 103 daya aftar Vadnaaday? 

3« 210 daya aftar Wadnaaday? 

Solra thaaa opan aantancaa (counting on tha circle). 



6 . 5 + 3 - 1 


□ 


n. 3 + 7 ■[ 1 


7. 6 + V » 1 


□ 


1 12. 5+Q- 5 


8. 5 + 6 • 




15, 6 +[ [■« 6 


9. 5 + 7 - 




14. 2+Q. 2 


10. 6+7 * 


□ 


1 



ERIC 
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15* SolT« th* foHowiag pp«A stAtAiiee by patting th« mam mmSbmr (aodalo ?) 
im •«ch box* 

Subtraction 

Hov voold nabtraction work in tbin nyston? Ton could count back, 
countarclookifiao ratbar than elockwiaa* Txj a fair axaiqplea* 

1* Bagin at h and count back ^ 2* Bagin at 3 nnd count back 3» 3 

1 5 

3* Bagin at 2 and count back 6* 2 

- 6 



Could you gat thaaa anawars without counting back? In tha caoa whara 
va aubtractad 3 f^on 3« It appaars tha 3 in greater than 3* What if you add 
2, to the 3 and naka the pr€ri>len 10 ainua 3 rather than 3 ninua 3? aaawar 
ia tha aaaa* 



3 - 3*5 

10 - 5 • 5 

Kill it work for exanple 3? 

2 - 3*6 

and 

9-3*6 

Can you ea^lain idiy thia giraa the aane answer? Sura, to add 2. noy 
■ultipla of ^ ia the aane aa adding aero, because it puts you right back 
«diara you started* 

ia wa think a little aora carefully about the nuabers on our circle, 
wa find that each nuabar on tha circle rapresanta all nuabars that gira a 
particular reaaindar idien dirided by 7* 6oaa :'JJ.ustrations will aid in 



clearing up thia idea* If we subtract 23 from a nuaber on our circle, 
aay 3« we haTe: 

3 - 25 « 1 
or 

3 - 2 « 1 

The nuaiber 23 has a reaainder of 2 when divided by 7* Then you 
would get the sane answer if you subtracted any number that had a 
resainder of 2 when you divided it by 7. Then rather than subtracting 
23, we could subtract the ssallest idiole number that gives a resainder 
of 2. This is 2, since 2 divided by 7 giw • resainder of 2. As you 
see, we always woz*k with the smallest number and this will always be one 
of the numbers on our circle* 

Two ideas have been used in our subtraction work: 

1* Adding Z or a multiple of Z to the minuend as in the case of 3 - 23 
« 1. We added 21 (7 x 3) to 3 and sid>tracted 23* 24 - 23 » 1* 

2* Dividing the subtrahend by Z «ad using the remainder as the new 
subtrahend* As in the case of 3 * 23 • li we divided 23 by 7 and 
used the remaindar, 2, as the new subtrahend* 3-2*1* 

Activities for Subtraction 

What day of the week was itv 
1« 6 days before Monday? 

2* 35 days before Thursday? 

3« 44 days before Sunday? 

4* 102 days before Monday? 

5 * 56 days before Tuesday? 



c 

■ •* 


Solve these open sentences* 

6-D= a 


11 . 5 -| 


□- 


7. 




□ 


1 = 


4 


12 . 7 -| 




8* 


4 -I 


□ 




5 


13 . 1 - 


□- 


9 . 


-1 


□ 




1 


14. 6 - 


n- 


10* 


3 - 


mmmmmmrn 
1 


h 


3 


15. 3 - 





16« So1t» th# foUcwliig Mat*no« by putting tb« mm m»b«r im Moh 
box* 

Eiltiplioation 

The maibere on our circle 0, 1, 2, 3» 5» 6, can be ueed to make 

a mltiplication table. We will get our product in our regular way end 
than diTide 7 into our product. The reMinder will be the aaawer im our 
Mdulo ayateu. 

For exaaple: Begular 3 3C 4 « 12. 

12 f 7 « 1 with raaaiuder 3* 

Modulo 3 X 4 B 3* 



To illuatrate thia aaawer, atartiag at aero, ahow 3 «ovea with 4 daya in 
each acre. 



or3x4« (4 + 4) '^4 

a 1 4* k 

» 5 




It aay be a little clearer if you chow thia aa repeated addition. We 
could alao liat our aeta of nuabera that giro the aaM reaaiader when dirided 
by 7* The leaat auiber to give that remainder will be our aaawer, aiace 
theae are the only aunibera on our circle. It repreaenta all the other nuabera 
of the aet and appeara on our circle. The leaat nuaber in each aet ia 
circled. Let a capital letter repreaent each aet. 
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{A » 0, 7. 21. 28, 35, ‘tZ, '*9, ... } 

fB - 1, 8, 15, 22, 29, 36, 43, 50, ...) 

(C = 2, 9, 16, 23, 30, 37, 44, 51. ... L 

[D = 3, XO, 17, 24, 31, 38, 45, 52, ...3) 

{B » 4, 11, 18, 25, 32. 39, 46, 53, ... , 

fr . 5, 12, 19. 26, 33, 40, 47, 54, ...3 

(a ■ 6, 13, 20, 27, 34, 41, 48, 55, ...3 

This maj a clear idea of our ■ultipUoatii.*!* Xov mltiidys 
6 z ^ > 30* Thirty is in aet C and has a reneiader of 2 wliem divided by 
7* The aaalleot auid>er in set C with thia aaae property ia 2* Then 6 x 
5-2. 

The aultipXication table ia lacoiQ»lete. Can yon complete thla table? 



jlJ 


lo 
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0 
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0 
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5 












, 6 , 


0 , 
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3 


2 


1 



Check aoM of theae aaawera by doiag regular aultlplication aad 
fiadiag the product la one of the aeta above. Then your aodnlo aaawer 
ia the aaalleat anaiber in that aet. In other worda it iaa nuaber on our 
■odulo circle. 

3 z 4 « 20{ 20 ia ia aet a 
then 5 X 4 « 6 
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As you kuoir, we could slsi>l7 dlrLd# 20 by 7 bmA the reueiader is our easwer. 

20 T 7 « 2 reaaiader 6 



Select eay two anaibers that are la the sa»e set* Subtract oae of these 
aoBibers frca the other* Is 7 an exact divisor of the dilferenoe? try two sore* 
Suppose we select 4l aad 13 frca set G aad then subtract 13 f^fom klm Ve 
gets ^1 - 13 * 28 aad 7 ia a divisor of 28* 

In our syatea we are using 7 aad it is called our Modulus* If 7 divides 
the differeace of aay two auabers, we say that one of the nui^rs **is ooagrueat 
to** the other aaaber - aodulo 7* Xhe syabol **s**i using three straight line 
segaents aeaas **is coagmeat to*** As an excaple: 4l~13 (aodulo since 
7 divides the differeace« kl * 13* 

Two auabers aust cone froa the sane set if they are ooagrueat* This is 
to say that '*:hey aust have the saae reaaiader idiea divided by 7* 

Test this idea by selectiag a nuaber froa two different sets* Take 
their differeace* Does 7 divide the difference? Say we select 28 froa set 
A and 11 froa set 

28 - 11 « 17 and 7 ia not a divisor of 17 
Then 28 **is not coagmeat to** U (aodulo 7) 



XXERCISSS 

1* Ceastruct a aodulo 4 addition and aultiplication table using the 
seasoBS* For exa^[»le: 

Spring - 1st 
Suaaer ** 
mi - 3rd 
Hiater > 4th (or 0> 




J 



ON VJI 



U 



2. Um a clock to Mko a aodalo 22 additioa tablo. 

3. Uaa jour aodtao 7 additioa a»d aoltij^catioa tablt to aolTO tho 
foUowlag maOw aomtoaeoa. 



a) n+J-l 

e) 6*k.\J 



b) n+e-a 

d) 5 3 



TJa# yonr aodnlo 7 aaaltiplicatioa tabla to aolTO thaaa iww fcT a«itoicaa« 

n) Jf x\ !■ 3 (Kotos Aaothor fora of aritiaf thia las 3 *f ^ ■ 

b) 0x5 

c) 3 X 6 « 

d) 6x6 «| 



. Could tho aoatha of tho year bo uaod to illuatrato a aodulo 12 ayatoat 
• Tho followliig ia a auaaary of aoao baaic propoptioa of wholo anabora 
for our rogular oporatloa* Uluatrato each uaiag aodulo 7* oach 
proporty truo for aodulo 77 



Lot a, b, aad c bo any idiolo nuiri)ora. 

A* Tho CoBautatlTO Proaorty holda for additioa aad aultiplioatioa* 

(a ‘f* b » b o a and a x b » b x a) 

B. Tho Prooorty holda for additioa and aultiplioatioa. 

(a + b) + o * a ♦ (b ♦ c) aad (a x b) x o * a x (b x c) 

C. Tho PiatribtttiTo Pronorty holda for aultij^catioa OTor additioa. 
a (b o c) « (a X b) o (a X c) 

D. Tho Idontity llloaoat for additioa ia "aoro** aad tho Idontity gLoaoat 
for aultiplioatioa ia 1* 

a 4* 0 s a and a x 1 « a 



12 



MODULO 7 

niuatration of Toroai 



AflaociatlTo iMPOperty - tho ramilt of a procaaa la not changtd if tlia 
pgronping la changed* 

1) Addition jU aaaociatlya* 

(2 + 5) 3 * 2 + (5 ♦ 3) 

7 + 3 « 2 -f 8 
10 » 10 

2) Multiplication ia aaaociatiye* 

(2 X 5) X 3 * 2 X (5 X 3) 

10 X 3 “ 2 X 15 
30 * 30 

3) Dlylaion ia not aaaociatiye* 

(80 4) •# 2 / 80 + (4*2) 

20 f 2 / 10 f 2 

10/5 

Clockwiae * the direction in iihich the handa of a clock aoye* The arrowa 
ahow a clockwiae direction* 

Conatnict • to oake by putting together parta; to make a thing in auch a 
way that it will meet the requirementa of a certain aet of xiilea* 

Ctonanitatiye property - the reault of a proceaa ia not changed if the 
proceaa ia done in a different order* 

Addition ^ commutatiye* 

2 + 4 a 4 + 2 

6 a 6 

Multiplication ia coanutatiye* 

4 X 3 * 3 X 4 

12 c 12 

Subtraction ^ not commutatiye* 

10-4 / 4-10 
6 / -6 

Diyiaion ^ not coanutatiye* 

4*2 / 2^4 



1 ) 

2 ) 

3) 

4) 

o 

ERIC 
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CoBgniency - a relatioa batwoen two mnbara yUaloh ataas that they both 
hare the aane raaaLxider when thej are dlTided bj a fixed xunber* 
The fixed nmiber la called the aodulo* 

1) A congruencj relation aodulo 7 exists among the nuabers 4, 

11, 32, 60, beoatise they each hare a remainder of 4 %Aien they 
are divided by ?• 

2) There Is a modulo 2 congruency relation among the nuaA)ers 0, 
2, 4, 10, 102, because all of these nunbers hare 0 remainder 
i^en they are divided by 2* In fact, there is a modulo 2 
congruency relation among all even nuabers because all even 
numbers have ii remainder of 0 idien divided by two. 



Counterclockwise - the opposite of the direction in which the hands of a 
clock move* 

The arrows show a counterclockwise direction* 

Cycle - a group of things which keep repeating in the same order* 

1) The months of the year fora a cycle since they keep repeating, 
and their order does not change* 

2) The batting order of the members of a baseball team is a cycle* 




Distribtttive property - the result of a process is not ch/nged when one 
part is spread out over another part* 



1) Multiplioation im distributive over addition* 

2 X (5 + 3) » (2 3C 3) + (2 ac 3) 

2 X (8) * 10 +6 

16 « i6 



2) Addition ^ not distributive over multiplication* 

5 + (6 X 2) / (5 6) X (5 2) 

5+12 / 11 X 7 

17 / 77 



3) Multiplication ^ distributive over subtraction* 

5 X (6 - 4) « (5 X 6) - (5 ac 4) 

5x2 « 30 - 20 

10 a 10 



4) Multiplication ^ not distributive over division* 

7 X (24 + 3) / (7 X 24) f (7 x 3) 

7x8 / 168 f 21 

56 / 8 
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Dlirid— a - A ntatoT that la to b* dlTldad by aaotbar rnrnOiWm 

6 a notii.t 
2 njdlTldaad 

1 rMMindar 



PlTldaa irrmly - a dlTlaioB idilch baa a saro raaaiadar* 



7 dlTldaa ^ araaly* 



7 




0 reaaiiidtr 



Blvlaor - a nuid»ar iddcb la dlTldad Into anothar noiibar* 

Idantlty alaaant • an aleaant ablob wban appUad to anotbar aleaant widar 
a mla (auoh aa addition, aiditractlon, anltlpUeatloa or dlylalon) 
laaraa tha alaaant nnoha^ad. 

1) In addition and aubtraetlon saro la tba Idantlty alaaant. 

6 a 0 K 6$ 19 - 0 * 19; 100 + 0 * 100 

2) In aaltlpUcatlon and dlylalon, ona la tha Idantlty alaaant* 

1 X 14 - 14; 21 f 1 * 21 

3) If wa ara working with a congruancy ralatlon aodulo 2, than any 
nuBbar which la a aultlpla of 2 la an Idantlty alaaant for addition 
and subtraction* 

m a nuBbar froB which anothar nuidbar la sobtraotad* 

17 Blnnand 
- 4 aubtrahand 
13 

of a nuBbar - tha raault of Bultlplylng that nunibar by a idiola mnibar* 

1) all aran zmabara ara nnltlplaa of two* 

2) aona nultlplaa of 3 ara: (O, 3« 6i 9« 12, 13« 18« 21, 24) 

3) aooa aultlplaa of 6 ara; (0, 6, 12, l8, 24, 3^, 42, 48) 

Product - tha raault of Bultlplylng two nurisara* 12 

^ product 

RitajiiadM!* . tha part of tha dlTldand which la *1aft oTar** or not aranly 
dlylalbla by tba dlTlaor* 

Subtrahend - a nuaibar which la subtractad froa anothar nuabar* 

28 Blnuand 
- 9 aubtrahand 
17 



